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ABSTRACT. In this chapter we situate and investigate the place of GeoGebra among
the contemporary educational software systems in mathematics such as dynamic
learning systems (DLS) and computer algebra systems (CAS). In addition, we explore
the cohesive role of GeoGebra in setting up a virtual community of practice. By so
doing, we simultaneously consider the social and cognitive roles of GeoGebra in the
first decade since it has been launched. After addressing theory and practice of
GeoGebra use in mathematics education, we discuss current trends in increasing
teaching and learning potential of GeoGebra and suggest promising paths for research
and development.

1. Introduction
Technology use in education has been of interest for many mathematics educators and
researchers since the very early days of technological innovations. Many still remember the
first steps made with “an Apple II Plus (48K) computer and a CPM card” ([Hei03], p. 33) or
some other primitive versions of hardware and software combination used to integrate
technology in mathematics education in early 1980s. The very first attempts involved
understanding computer technology and its capabilities, and exploring ways in which
technology could be integrated ([KT08]) into mathematics education processes. From that
point on, different roles have been assigned to computer technology, such as digitalizing
mathematics content; developing software suitable for drill and practice; using software for
simulation and exploration of mathematical models; creation of intelligent tutoring
systems; and, in general, using technology to support cognitive activities, to extend
cognitive abilities, and to (re)structure one’s thinking, as suggested in the literature ([AT01];
[BV05]; [BGMU06]; [TB06]; [Pea85]). This process of educational development leads to the
reasonable conclusion that the use of technology in mathematics education and the
expectations of mathematics educators about technology have been evolving
simultaneously and that the evolution is still in progress.
Through this evolution process, research in technology applications in mathematics
education has been focusing on what technology to use and how (to be pedagogically
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meaningful) as well as taking into account specificities (e.g., language, representational
forms) of mathematics disciplines, like geometry and algebra. As a result, different, more or
less prominent, computer algebra systems (CAS) and dynamic geometry systems (DGS)
have been developed, which further triggered discussions regarding the ways to integrate
technology in mathematics education. The problem is that although some contemporary
tools, or cognitive tools ([Pea85]), were specifically designed to enhance mathematics
learning and teaching, the questions regarding the necessity of using technology in
mathematics education still remain ([Gol03]; [Shu03]).
Goldenberg ([Gol03]), for example, discusses how using or not using technology in
the domain of algebra may affect learning of “big ideas” in algebra. The author proposes
that a “technological alternative to traditional algebra,” such as “the intermediate value
theorem and the fundamental theorem of calculus,” may inspire new ways to help students
understand the important ideas of mathematics (p. 24). Goldenberg acknowledges that
“algebra is more than a language” (p. 25), thus recognizing the role of computer technology
as an important tool for acquiring mathematical (algebraic) knowledge. In contrast, Kaput
([Kap92]), and Hoyles and Noss ([HL08]), describe the evolution of representational systems
in mathematics from symbolic to visual. The “algebra as a language” is a useful metaphor in
their analysis. But, even with acceptance of this stance, it should be noted that language
could be learned through different means. For example, one can set a parallel between
constructing “a house of mathematics” ([Kut03]1, p. 61) and learning language, and
between learning formal mathematics rules and learning the grammar of the same
language. The fact is that in order to learn language one does not necessarily have to start
by understanding grammar first. Why, then, should students be asked to start with formal
mathematics rules before they start building their own model of a house of mathematics?
While one can argue that even technology use involves learning some (computer) language
and rules of use first, these are often oversimplified in comparison to the formal
mathematics language, and allow for a much easier move towards more complex
applications.
In this chapter we place GeoGebra among contemporary software for learning and
teaching mathematics, such as CAS and DGS, or dynamic learning systems (DLS) in general,
within the cognitive and social perspectives. We start our discussion by specifying our
theoretical framework, continue with the cognitive and social aspects of GeoGebra, and
finalize the chapter with an overview.

2. Theoretical Frameworks
To theoretically situate our analysis, we follow Kaplan and Tripsas ([KT08]) who argue that it
is to be expected that “cognitive processes should shape evolution” of technologies (p. ).
They emphasize that “when a technology first emerges, actors *in this case, users+ are
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Kutzler ([Kut03]) compares teaching and learning mathematics with building a ‘house of
mathematics,’ which consists of stories. When building a house, each storey depends on the existence
and sturdiness of the previous ones. Similarly, any mathematical activity consists of an exchange
between lower level (old) and higher level (new) skills. If a student is not well versed in the old skills
on which s/he needs to build the new ones, the student cannot progress further. Computer algebra
systems can help here as a ‘scaffold’ which can enable a student to build a storey on top of an
incomplete one.
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unsure about what it is or how it will perform” (p.). Therefore, in order to make sense of the
situational factors that provide more (in case of success) or less (in case of failure) fertile
ground for some technology, cognitive explanations should be central to understanding
technological evolution—a process that has thus far not received sufficient attention. By
adopting this position as our framework, in order to look into the evolution of mathematics
software GeoGebra, we apply cognitive lenses to understand its developmental trajectory
and its present place among contemporary educational systems.
Here we return to Kutzler ([Kut03]) who suggests an inspiring metaphor to argue for
the necessity of technology in mathematics education. The author sets an analogy between
transportation, moving in general, and doing mathematics (see Table 1). This metaphor
describes both curricular and individual progression through the stages in the mathematics
learner’s development, starting from mental calculations, and going through symbolic
manipulations and technology applications, to provide more speed, accuracy, and scaffolds
to those in need.
Table 1. Analogy between transportation and mathematics (based on [Kut03], p. 56)

Transportation and moving

Mathematics

Walking

Mental calculation

Riding a bicycle

Paper-and-pencil calculation

Driving a car

Calculator and computer

Furthermore, mathematics educators, who work in the domain of educational
technology, consider technology as a cognitive tool which supports cognitive activities and
extends cognitive abilities ([BV05]; [Kap92]; [Pea85]; [Swe03]). In that view the preceding
metaphor could be rephrased to involve the use of technology as vehicles for (a)
outsourcing procedural computations (e.g., being driven in a bus, taxi) and/or (b) exploring
the landscape of various mathematics disciplines (e.g., driving along unknown terrain).

2.1. Categories of mathematics education software
The literature on the use of computer technology in mathematics education can be divided
into two main categories: publications that focus on the use of CAS, such as Derive and
Maple, which perform numeric calculations and algebraic manipulations and allow users to
focus on conceptual understanding “by speeding up the process”; and DLS, such as
GeoGebra, Cabri, and Geometer’s Sketchpad, which provide users with environments
suitable to explore mathematical concepts and relationships between them.
Although both, “CAS and interactive geometry software enable students to
experiment with most topics taught in mathematics” ([Kut03], p. 62), the intentions for
creating these tools were not the same. CAS, on the one hand, offer easy ways to perform
many challenging, if not impossible, mathematical computations, including numeric and
symbolic tasks. DGS and DLS, on the other hand, were developed to address mainly
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educational needs related to different learning styles and understanding of mathematics.
Both categories are elaborated on in the further text.
2.1.1. Computer Algebra Systems (CAS)
Computer algebra systems are cognitive tools that “perform a wide variety of the numeric,
graphic, symbolic, and logical operations that form the core components of algebra” and
effectively “deal with numbers, symbolic expressions, equations, inequalities, functions,
vectors, and matrices” ([CFKMZ03], p. 1). One can consider CAS as tools that extend users’
cognitive abilities by releasing them from time-consuming and error-prone calculations and
letting the users focus on higher order thinking demands of tasks.
By dealing with procedural computations, CAS are expected to enhance the learning
of mathematics. The literature suggests that these systems are effective in (a) execution of
routine procedures, either symbolic or numeric; (b) rote tasks; and (c) challenging, if not
impossible, procedural tasks ([Hei03]); and that by employing CAS, teachers have the
chance to allocate their students’ time to exploration and discussion about the
mathematics behind these tasks. The intention is to remove barriers that might prevent
students from grasping a sense of fundamental mathematical knowledge and to develop a
better understanding of the relations between mathematical concepts.
However, some authors are still concerned about the black box characteristics of
CAS that may lead students to miss “the structure that lies behind the computations”
([Gol03], p. 28). The problem is that “students need an understanding of how mathematics
works, not merely how it applies” and that abstraction in mathematics is still important (p.
28). The term ‘abstraction’ is seen as a process in which students “vertically reorganize
previously constructed mathematics into a new mathematical structure” ([HSD01], p. 202),
which with the use of CAS may remain underdeveloped.
2.1.2. Dynamic Learning Systems (DLS)
What we mean by DLS here, is a learning system that engages students in learning a specific
concept by exploring it dynamically and interactively. As for mathematics education, a DLS
is an environment that allows users to learn mathematics, including algebra and geometry.
In that sense, we consider DLS as an umbrella term encompassing DGS and providing users
with opportunities to create mathematical objects, to manipulate these objects within
minimal constraints, and to observe the change in their features in time. From this
perspective, one can also consider that these systems are cognitive tools intended to
support cognitive activities as well as to extend the cognitive abilities of users by allowing
them to exploit multiple representations and exploratory features of the medium.
Consider a scenario of a tangent drawn to a function from a point lying on a
function. Calculus books state that the slope of such a tangent line is positive when the
point is moving anywhere along the increasing part of the function, but diminishes while
the point approaches the local maximum of the function. After the point passes the local
maximum, the slope of the tangent turns negative, as the function decreases. This wellknown procept2 is a quite challenging phenomenon to grasp for many students who are
taking calculus courses. The concepts related to the specific scenario described here are

2

The procept is an amalgam of process and concept ([Tal91]).
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slope, increasing and decreasing function, and local maximum; the process could be
accounted for by the movement of the point. This scenario illustrates a dynamic change in
the slope of the tangent line associated with the change in the position of the point. The
term dynamic which is used here points out exactly where the challenge may be
experienced. In a pencil and paper environment this situation is usually presented by
sketching a graph of the function with several tangents to the function around the local
maximum, but this presentation may not be clear enough to the student (see Figure 1).

Figure 1. Presentation of change in sign of derivative/slope of the tangent
(http://en.wikibooks.org/wiki/Calculus/Extrema_and_Points_of_Inflection)

However, DLS were intentionally developed to allow students to create dynamic
worksheets to explore mathematical relationships similar to the one described in the
scenario above. DLS extend the student’s cognitive affordances by superimposing multiple
static screenshots of the change in the position of a tangent and providing an animated
simulation of the motion of the point along the curve.
According to Moreno-Armella, Hegedus, and Kaput ([MAHK08]) this feature places
DLS currently at the top of a historical progression of mathematics representations. The
authors claim that representational systems used in mathematics and mathematics
education have evolved from a static inert stage to a continuous dynamic stage, and
suggest that educational technology must be aligned with the needs of the stage we are in
(see Table 2). In fact, the role of different representations and the importance of dynamic
links between these distinct representations in mathematics education have been strongly
emphasized in the literature ([Kap92]; [MAHK08]).
Table 2. The five evolutionary stages of representation in mathematics education,
described by [MAHK08].
Static
Inert
Mathematics
text is “fused”
with the
media it is
presented
upon or
within (e.g.,
ink on paper).

Static Kinesthetic /
Aesthetic
This stage is
characterized
through the use of
reusable and
erasable media (in
colour) (e.g., chalk
and marker pens).

Static
Computational
Characterized by a
computational
response to a
human’s action
(e.g., a calculator
with static
representation of
the user’s input or
interaction with the
device).
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Discrete Dynamic
The media is
dynamic, as it is
compliant with
user actions, but
re-animates
notations and
expressions on
discrete inputs
(e.g.,
spreadsheet).

Continuous
Dynamic
Technology in
this stage is
sensitive to
kinesthetic
input (e.g.,
dragging of
objects).

To sum up, while CAS also have animation features which could be used to
demonstrate change in the phenomena, these can be achieved with a certain amount of
programming skill, which usually relies on a teacher to develop. In the words of Lipeikiene
and Lipeika ([LL06]), “CAS creates only opportunities. The problem remains for users to
realize this potential” (p. 87).
It can be concluded that both CAS and DLS use different approaches to support
students’ cognitive activities and extend their cognitive abilities. It seems that a
combination of these two can greatly contribute to teaching and learning practices in
mathematics education. More will be said about these two systems by using GeoGebra as
an example.

3. GeoGebra: Towards balancing cognitive and social aspects of learning
Interactive mathematics learning software, GeoGebra, was created in 2002, by Markus
Hohenwarter. The software was designed to support learners in building connections
between two strands of mathematics, geometry and algebra, and, by doing so, to develop a
deeper insight into the mathematical content ([Hoh02]).
In brief, GeoGebra allows users to create interactive mathematical objects, which
are represented graphically, numerically, and symbolically, and to interact with these
objects dynamically. Regardless of the user’s preference (because of the grade level,
curriculum unit, or the learning style) for some of the three representations, the other
representations are created automatically by the software and dynamically linked. In its
present form (i.e., 3.2), GeoGebra offers graphics, algebra, and spreadsheet views that can
be simultaneously utilized, or one-two at a time.
The software has been so far translated into 45 languages and can be either used in
its online version (see http://www.geogebra.org/) or downloaded free of charge on the
3
individual computer. GeoGebra went through several releases and received 12 national
4
and international awards . Recently, there have been some ideas and attempts to use
GeoGebra within an Intelligent Tutoring System (ITS, such as Geometry Tutor) ([MKC10];
[RFHG07]). A visual illustration of these developmental phases of GeoGebra is given in
Figure 2.
In hindsight, it can be concluded that the first decade of GeoGebra has so far been
marked by the mutual development of its social (Web 2.0) and cognitive (increasing
options) aspects, which have contributed to strengthening GeoGebra’s impact on teaching
and learning of mathematics.

3

Learnie Award 2003/2005/2006—Austrian Educational Software Award; digita 2004—German
Educational Software Award, etc.
4

Trophées du Libre 2005—International Free Software Award, category Education; in 2009, the Tech
Museum Education Award for innovative ways in using technologies for the benefit of humanity.
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Software for Learning and
Teaching Mathematics

CAS

DLS

ITS

GeoGebra
Figure 2. Place of GeoGebra within the main categories of mathematics software systems

In our further analysis, we will focus on GeoGebra and, by necessity, apply our
“technological frames” ([KT08]; [OG94]) along with social lenses which guide our
interpretation of what GeoGebra is and what it is useful for. Technological frames are
important to define, as they are socially shaped by who people are — as users of the
software, as educational researchers, practicing educators, and mathematicians.
Developer(s) of GeoGebra, on the other hand, have their own technological frames, which
are affected by their beliefs in relation to open source/open access models and the notion
of communal knowledge building. In this analysis we also take into account the
technological frames that some (especially government or school board) institutions have,
because they too affect the directions that technology development will take. For example,
government institutions prescribe school mathematics curricula; that is, they determine
which and to what extent mathematics disciplines will be covered in schools and at what
grade levels. This decision inevitably influences both the educational technology users and
producers, as both groups, to some extent function within the boundaries set by the
system.
To further clarify our position, we implement the framework of socio-cognitive
technological change, which addresses both the social and cognitive factors that influence
the evolution of GeoGebra. We note that socially, GeoGebra evolved from the product of
one (i.e., Hohenwarter), was intended for use by some (because of its focus on geometry
and algebra only; and for being dependent on command input), to the product of many
(i.e., an increasing community of volunteers) and that it is intended for use by many
(because of its increased scope, easy transfer to JavaScript, click-and-drag possibilities,
open access). We also note that cognitively, GeoGebra in each of its releases increases the
scope of mathematics curricula it is suitable for, as well as the number of representations it
provides to its users. This feature is especially important because according to Kaput
([Kap92]), the use of linked multiple representations may be critical for understanding
mathematics problems, or for developing a conceptual understanding of mathematics ideas
in general.
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3.1. GeoGebra as cognitive tool
In the study conducted by Hohenwarter, Hohenwarter, and Lavicza ([HHL08]), the authors
gave four daily, 70 minute long GeoGebra workshops to 44 teachers, in an attempt to:
 Assess GeoGebra’s usability and to identify challenging features and tools that
could cause difficulties for novices;
 Establish complexity criteria and difficulty levels for GeoGebra; and
 Provide a basis for the improvement of professional development of secondary
school teachers.
The results of this study highlight the ease of use and intuitiveness of the geometry
side of the software as opposed to the steep learning curve required for its algebraic side.
The participants particularly needed assistance in geometric constructions and in proper use
of appropriate algebraic syntax. Based on this and other findings, Hohenwarter,
Hohenwarter, and Lavicza adapted the workshops for teachers and developed detailed
handouts to accompany workshop activities.
Other researchers have also investigated the interplay between Geometry and
Algebra that exists in GeoGebra ([HJ07]). From that perspective, the basic objects in
GeoGebra are not only points, vectors, segments, polygons, straight lines, and conics, but
also functions in their implicit form. For example, a line g may be entered as g: 3x + 4y = 7
or a circle c as c: (x - 3)2 + (y+ 2)2 = 25. This capability means that calculations with
geometric objects, like points and vectors, are feasible.
Such a connection between two mathematics strands allows users to develop a skill
in using algebraic formulas and calculations, while preserving the actual geometric
meanings ([Ati01]). Along these lines, Giaquinto ([Gia07]) stipulates that presenting the
relationship between geometry and algebra as a dichotomy is something of an oversimplification, since “the algebraic-geometric contrast, so far from being a dichotomy,
represents something more like a spectrum” (p. 240). Banchoff ([Ban08]) notes that
“Geometry and algebra are not just two subjects that appear throughout the curriculum;
they are also distinct ways of thinking about mathematical ideas” (p. 99). Thus, students
learn better when both ways of thinking are interwoven.
Since its first version (i.e., 1.0), GeoGebra has been significantly improving in both its
form and capability (see Table 3).
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Table 3. Differences in the feel and functionality between the first four releases of GeoGebra

GeoGebra 1.0

GeoGebra 2.0

Release: January 28th, 2002
1. Available objects: point, vector, line,
conics, angle, number
2. Has a “geometry look,” besides the
algebra panel
3. Constructions are done with the
mouse
4. There is a limited selection of
keyboard commands
5. Available in English, German

Release: January 9th, 2004
1. Available objects: point, vector, angle,
number, line, conics
2. Emphasis on geometry (including
transformations) and analytic
geometry (including conics and
vectors)
3. Limited calculus functionality
(derivative, integral)
4. Available 43 commands (including logic
function “if”)
5. Available in English, German

GeoGebra 3.0

GeoGebra 3.2 Family
6.
7.
8.

Release: March 23rd, 2009
1. The objects are organized by types
(points, lines, polygons, circles, etc.)
2. Strengthened calculus functionality
(e.g., area, lower sum, inflection point,
root, polynomial, sequences and
interpolation polynomials)
3. Many new commands (i.e. 42): Area,
Curvature, Min, Mod, Locus, Semicircle,
Taylor polynomial, etc.
4. Available with 85 commands
5. Available in 39 languages
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Release: January 24, 2010
1. Has the functionality of spreadsheet
too
2. Capability for statistical data analysis
and presentation (e.g., bar chart, box
plot, quartiles, line of best fit,
variance)
3. Works with determinants and
matrices
4. Many new commands (i.e., 86):
Binomial Coefficient, Insert, GCD,
Reverse, Transpose)
5. Available with 171 commands
6. Available in 39 languages (not
including versions)

3.2. GeoGebra as a socially cohesive tool
Today, GeoGebra is a shining example of a successful open access project, one which
involves thousands of people worldwide who are working together to develop, share, and
apply new technological and pedagogical ideas of how to use GeoGebra to enhance
mathematics learning and teaching. To present transformation of GeoGebra from an
individual, creative masterpiece to the emerging and fast growing worldwide educational
community, we present milestones of its social acceptance and impact (see Figure 3).
Jan 06
May-05
User Forum 50,000
GeoGebra Visited the
Web Site
Wiki

Mar 02
Nov 02
GeoGebra
First
Created EU Award

2002

Jan 04
First Translation
to Spanish

Oct 07
300.000
Visited the
Web Site

Jan 07
150,000
Visited the
Web Site

June 09
GeoGebra
Institute of
Canada

Mar 2010
27 GeoGebra Institutes
in the world

2010

Jul 08
International
GeoGebra
Institute

Figure 3. Selected milestones in change of GeoGebra’s social impact

GeoGebra is an example of open source software for mathematics education at all
levels. In Ljungberg ([Lju00]), the open source is described as a movement that is based on
virtual networking on the Internet. This movement attracts a dedicated group of opensource software developers who are continuously improving and extending the software
features. In many ways this community is connected to academia. Martinovic and Magliaro
(*MM07+) state that one “strong commonality between these entities is a passion towards
knowledge and treating it as a common good” (p. 47). However, what distinguishes
GeoGebra from other commercial or free dynamic mathematics software is an ever
expanding international community of mathematics educators, software developers, and
researchers who follow the open source movement in software use and development, and
carry out grassroots efforts in mathematics education reforms.
In essence, the GeoGebra community works on continually improving the software
and on producing educational materials ([FSS09]). These distinct, but complementary
features of GeoGebra are conceptualized in Figure 4 and are further elaborated on in the
text.
GeoGebra

Software for Learning and
Teaching Mathematics

To create and manipulate
mathematics objects

Community of Developers,
Researchers, and Teachers
To research features and
effects of dynamic
mathematics software

To explore mathematics
relationships

To move seamlessly between
different mathematics
representations

To investigate best teaching
practices with technology
To constantly improve
GeoGebra

Figure 4. Conceptualization of GeoGebra as Software and as Community
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Following modern educational trends towards enriching opportunities for teacherstudent and student-student communication and collaboration, GeoGebra creates
opportunities for teachers to collaborate by taking advantage of social interaction
environments, such as Teachertube.com, Facebook.com, and wikis. However, this level of
collaboration and communication goes far beyond what is expected at the K-12 levels. For
example, teachers, academics and developers could exchange ideas and works-in-progress,
rather than just dynamic mathematics worksheets. Given the accessibility of the World
Wide Web, it is quite usual to meet someone from another country or even from another
continent through the GeoGebra Web page on the Facebook and share success stories as
well as challenges on some topics.
The GeoGebra community has been growing very fast for the very reason that
GeoGebra is open source and free. Some researchers view open source as a sort of “gift
economy” or gift culture whose raison d’être is the obligation to give, to receive, and to
make a return for gifts received ([Mauss, 1950/1999, as cited in [Lju00]; [MM07]). Similar to
other open source communities, in the GeoGebra community one’s reputation among
peers is the basis of competitive success. Such mutual support and motivation for providing
assistance, which are characteristics of some online groups, are “partially founded on
norms of generalized reciprocity and group citizenship” (*Wel97+, p. 6). By using GeoGebra
as “social glue” in bringing and keeping people together, the GeoGebra community
demonstrates behaviours previously recorded among interactions emerging on the Internet
([Rhe98]).
The three kinds of collective goods that Rheingold envisions in such a community are
strength in numbers, knowledge pool, and cohesive empathy, or, in other words, social
network capital, knowledge capital, and communion. Other researchers ([EH05]; [ZP03])
also write about knowledge capital in the sense that people more strongly attached to
online groups participate more and benefit more from their participation. By helping others
in the group, the individual increases his or her social capital. By providing useful
information to others, one increases their knowledge capital ([Rei98]). All three kinds of
collective goods are present in the GeoGebra community. As a result, the GeoGebra Web
site contains resources created by volunteers from all over the world. There is no surprise
then that, as 2009 statistics show, GeoGebra is used in more than 190 countries and
territories throughout the world.
Like other previously mentioned online groups, the GeoGebra community works on
the concept of a tight core and loose membership. Open access to the software and the
resources guarantees high numbers of visitors to the GeoGebra Web site, who in turn
provide enough working and intellectual power for the whole group. Through time,
knowledge grows when shared among community members; such forward development is
visible in GeoGebra, as new ideas daily emerge in the community (e.g., “GeoGebra on a
stick”, GeoGebra in social networks, etc.).
In order to enhance communication among this growing community, the
International GeoGebra Institute was established in 2008. This Institute coordinates
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communication and collaboration among local GeoGebra Institutes, which could be virtual,
such as with online discussion groups and in online social environments, as well as through
face-to-face encounters, such as at conferences and national or international meetings. One
of the first activities organized by the International GeoGebra Institute was to bring local
GeoGebra institutes and users together for the First International GeoGebra Conference,
organized on July 14-15, 2009, in Linz, Austria and to brainstorm about the future of the
community. Following this international gathering, many local GeoGebra meetings, such as
the First North American GeoGebra Conference (July 27-28, at Ithaca College, NY) and the
First Eurasia GeoGebra Meeting (May 11-13, Istanbul, Turkey) are already planned.
Establishing these activities and following up on them, is yet another unique aspect
of the GeoGebra community—open access and open source GeoGebra constitutes not only
an online community, as its influence and activities extend offline as well. By organizing
workshops for teachers, new generations of users emerge. Their needs and ideas, this time
coming from the school practice, affect further steps in GeoGebra’s development. At each
stage of this recursive process, new knowledge emerges from members’ experiences,
requests and recommendations, all of which will remain fundamental milestones for
keeping GeoGebra alive, ever improving, and growing. These and other features of
GeoGebra could be used in different forms of formal schooling. Furthermore, students
could be invited to share their work online with their peers and a teacher in order to obtain
feedback on their work. The innovations in the Web 2.0 (e.g., blog, wikis) technologies
provide new opportunities for collaboration which could potentially let students develop
beyond the parameters of individual work or work that involves only traditional means,
such as books, paper-and-pencil, and talk-and-chalk. Therefore, the educational model of
GeoGebra provides opportunities for an extension of classroom activities and for the
removal of space and time restrictions of regular schooling.

4. Conclusions
In this chapter, we have reflected on the cognitive and social components in the emergence
of GeoGebra from software to a vibrant and growing community of educators, developers
and researchers. GeoGebra, as presented here, is a new model for the creation of
communal and individual mathematical knowledge through interactive, dynamic, visual,
investigative, and shared mathematical activities. From the cognitive perspective,
mathematics is sometimes perceived by students as being ‘disconnected’ from real life and
from other subjects (i.e., missing the trans-, inter- and intra- disciplinary links). As software
suitable for learning and teaching of mathematics, GeoGebra was originally and genuinely
planned as a ‘linking’ environment5. On the social side, the impact of GeoGebra may be
important in shifting perceptions about mathematics as a solitary activity to the more

5

While GeoGebra started with algebra and geometry, now it links (nearly) all branches (of school)
mathematics. From the present Ontario high school curriculum, only the Financial Mathematics
strand is missing. All other strands are covered by GeoGebra: Number Sense and Algebra, Functions
and Relations, Analytic Geometry, Measurement and Geometry, Trigonometry, Data Managements,
Calculus, Algebra of vectors (see [OME05]; [OME07]).
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harmonic view of mathematics as social activity (“if I can learn something new, discover it –
I would naturally be happy to share it with someone, to discuss it, to argue for or against
it”). This approach opens doors to communication and reasoning as socially active
behaviors—not as absorption of already known facts and procedures.
GeoGebra as an open source learning tool also facilitates an interplay of social and
cognitive aspects. Its users feel actively involved in the process of techno-pedagogical
development, not as passive users, but as active creators of knowledge at all stages of the
software development spiral—starting from an idea  design  implementation 
assessment  new ideas, and so on. As such, GeoGebra provides for an inclusive
environment as well as for socially meaningful and intellectually rich empowerment. This
novel model will enhance conditions for paradigm shifts in teaching and learning as a coconstructive process.
GeoGebra as part of a research community provides a unique combination of virtual
and in-person forms of collaboration (Web 2.0 tools and institutes) that leads to collection
of evidence (stories), sharing and discussion of findings (cases), building of a common
framework (shared understanding of phenomena), and construction of more empirical and
longitudinal studies (as perspective), all of which are practice-grounded and practiceoriented, thus providing a strong feed-back system between research and practice.
In conclusion, we muse over the words of Jonassen, Howland, Marra, and Crismond
(*JHMC08+), who stated that “A great deal of research on computers and other technologies
has shown that they are no more effective at teaching students than teachers, but if we
begin to think about technologies as learning tools that students learn with, not from, then
the nature of student learning will change” (p. 6). By learning with interactive and dynamic
mathematics software, such as GeoGebra, students may become active and intentional
participants in the authentic and constructive process of meaningful learning in the sense
described by Jonassen et al.
The words of Cutler ([Cut95]) may also be applied to GeoGebra as a community
consisting of “persons *who] find new relationships worth cultivating, roles worth adopting,
and selves worth becoming through activation of those roles” (p. 26). As such, GeoGebra
presents a new education model which will have a lasting impact on both the future formal
and informal schooling of mathematics students.

Bibliography
[AT01]

S. M. Alessi and S. R. Trollip - Multimedia for Learning, MA: Pearson Education, 2001.

[Ati01]

M. Atiyah - Mathematics in the 20th Century: Geometry versus algebra, Mathematics
Today, vol. 37(2): 46- 53, 2001.

[BV05]

M. C. Borba and M. E. Villarreal - Humans-with-Media and the Reorganization of
Mathematical Thinking: Information and Communication Technologies, Modeling,
Visualization and Experimentation, New York: Education Library, Springer, 2005.

[Cut95]

R. H. Cutler - Distributed presence and community in Cyberspace, Interpersonal
Computing and Technology: An Electronic Journal for the 21st Century, vol. 3(2): 12-32,
1995

41

[Ban08]

T. Banchoff - Algebraic thinking and geometric thinking. In C. E. Greenes and R.
Rubenstein (Eds.), Algebra and algebraic thinking in school mathematics. Reston, VA:
The National Council of Teachers of Mathematics, 2008.

[BGMU06]

C. Brooks, J. Greer, E. Melis, and C. Ullrich – Combining ITS and e-learning technologies:
Opportunities and challenges. In Ikeda, M., Ashley, K., Chan, T. W. (eds.) ITS 2006,
LNCS 4053, pp. 278-287, 2006.

[CFKMZ03]

A. Cuoco, J. Fey, C. Kieran, L. McMullin, and R. M. Zbiek – Using computer algebra
systems to enhance mathematics education. In T. Fey, A. Couoco, C. Kieran, L.
Mcmullin, & R. M. Zbiek (Eds.), Computer Algebra Systems in secondary school
mathematics education. Reston, VA: The National Council of Teachers of Mathematics,
2003.

[EH05]

J. Engelbrecht and A. Harding - Teaching undergraduate mathematics on the Internet.
Educational Studies in Mathematics, vol. 58: 235–52, 2005.

[FSS09]

L. Fahlberg-Stojanovska and V. Stojanovski - GeoGebra - freedom to explore and
learn. Teaching Mathematics and its Applications. Oxford: Oxford University Press,
2009.

[Gia07]

M. Giaquinto - Visual thinking in mathematics. Oxford: Oxford University Press, 2007.

[Gol03]

E. P. Goldenberg – Algebra and computer algebra. In T. Fey, A. Couoco, C. Kieran, L.
Mcmullin, & R. M. Zbiek (Eds.), Computer Algebra Systems in secondary school
mathematics education. Reston, VA: The National Council of Teachers of Mathematics,
2003.

[GR09]

D. Green and C. Robinson - Introducing GeoGebra to foundation year students. MSOR
Connections, vol. 9(2): 6-10, 2009.

[Hei03]

M. K. Heid – Theories for thinking about the use of CAS in teaching and learning
mathematics. In T. Fey, A. Couoco, C. Kieran, L. Mcmullin, & R. M. Zbiek (Eds.),
Computer Algebra Systems in secondary school mathematics education. Reston, VA:
The National Council of Teachers of Mathematics, 2003.

[HSD01]

R. Hershkowitz, B. B. Schwarz, and T. Dreyfus – Abstraction in context: Epistemic
actions. Journal for Research in Mathematics Education, vol. 32(2), 195-222, 2001.

[Hoh02]

M. Hohenwarter - GeoGebra - Ein Software system für dynamische Geometrie und
Algebra der Ebene. Master thesis, University of Salzburg, 2002.

[HHL08]

J. Hohenwarter, M. Hohenwarter and Z. Lavicza - Introducing Dynamic Mathematics
Software to Secondary School Teachers: The Case of GeoGebra. Jl. of Computers in
Mathematics and Science Teaching, vol. 28(2): 135-146, 2008.

[HJ07]

M. Hohenwarter and K. Jones - Ways of Linking Geometry and Algebra: The Case of
GeoGebra . In D. Kuchemann (Ed.), Proceedings from the British Society for Research
into Learning Mathematics, vol. 27(3): 126-131, 2007.

[JHMC08]

D. Jonassen, J. Howland, R. M. Marra and D. Crismond - Meaningful learning with
technology (3rd Edition), Pearson, 2008.

42

[KT08]

S. Kaplan and M. Tripsas - Thinking about Technology: Applying a Cognitive Lens to
Technical Change. Research Policy, vol. 37(5), 790-805, 2008.

[Kap92]

J. J. Kaput - Technology and mathematics education. In D. A. Grouws (Ed.), Handbook
of Research on Mathematics Teaching and Learning. USA: The National Council of
Teacher of Mathematics, 1992.

[Kut03]

B. Kutzler - CAS as pedagogical tools for teaching and learning mathematics. In T. Fey,
A. Couoco, C. Kieran, L. Mcmullin, & R. M. Zbiek (Eds.), Computer Algebra Systems in
secondary school mathematics education. Reston, VA: The National Council of
Teachers of Mathematics, 2003.

[LL06]

J. Lipeikiene and A. Lipeika - Animation tools of CAS for dynamic exploration of
mathematics Source. Informatics in education archive, vol. 5(1): 87 – 96, 2006.

[Lju00]

J. Ljungberg - Open source movements as a model for organizing. European Journal of
Information Systems, vol. 9(4): 208-16, 2000.

[MKC10]

D. Martinovic, Z. Karadag, and M. Cengel - Connecting intelligent tutoring systems
with dynamic learning systems: Is there a natural fit? To appear in the Proceedings of
EdMedia2010, 2010.

[MFK10]

D. Martinovic, V. Freiman and Z. Karadag - Dynamic and Collaborative Learning with
GeoGebra: From Software to Community. To appear in the Proceedings of
EdMedia2010, 2010.

[MM07]

D. Martinovic and J. Magliaro - Openness in the context of computer networks:
Educators’ Perspective. The International Journal of Technology, Knowledge and
Society, vol. 3(3): 43-52, 2007.

[MHK08]

L. Moreno-Armella, S. J. Hegedus and J. J. Kaput - From static to dynamic
mathematics: Historical and representational perspectives. Educational Studies in
Mathematics, vol. 68: 99-111, 2008.

[OME05]

Ontario Ministry of Education - 9-10 Revised Curriculum. Retrieved December 17,
2009 from http://www.edu.gov.on.ca/eng/curriculum/secondary/math910curr.pdf,
2005.

[OME07]

Ontario Ministry of Education -11-12 Revised Curriculum. Retrieved December 17,
2009 from http://www.edu.gov.on.ca/eng/curriculum/secondary/math1112curr.pdf,
2007.

[OG94]

W. J. Orlikowski and D. C. Gash - Technological frames - making sense of information
technology in organizations. ACM Transactions on Information Systems, vol. 12(2),
174-207, 1994.

[Pea85]

R. D. Pea – Beyond Amplification: Using the computer to reorganize mental
functioning. Educational Psychologist, vol. 20(4), 167-182, 1985.

[Rhe98]

H. Rheingold - The Virtual Community. Retrieved May 14, 2006, from
http://www.rheingold.com/vc/book/, 1998.

43

[RFHG07]

P. R. Richard, J. M. Fortuny, M. Hohenwarter, and M. Gagnon -geogebraTUTOR: Une
nouvelle approche pour la recherche sur l’apprentissage compétentiel et instrumenté
de la géométrie à l’école secondaire. In T. Bastiaens & S. Carliner (Eds.), Proceedings of
World Conference on E-Learning in Corporate, Government, Healthcare, and Higher
Education 2007 (pp. 428-435). Chesapeake, VA: AACE, 2007.

[Shu03]

J. E. Shultz - To CAS or not to CAS. In T. Fey, A. Couoco, C. Kieran, L. Mcmullin, & R. M.
Zbiek (Eds.), Computer Algebra Systems in secondary school mathematics education.
Reston, VA: The National Council of Teachers of Mathematics, 2003.

[Swe03]

J. Sweller. Evolution of human cognitive architecture. In B. Ross (Ed.), The Psychology
of Learning and Motivation, 43, 215-266, 2003. San Diego: Academic Press. Retrieved
September 20, 2008 from http://unjobs.org/authors/john-sweller.

[Wel97]

B. Wellman - An electronic group is virtually a social network. In S. Kiesler (ed.), The
culture of the Internet (pp.179-205). Hillsdale, NJ: Lawrence Erlbaum, 1997.

[ZP03]

K. Zhang and K. L. Peck - The effects of peer-controlled or moderated online
collaboration on group problem solving and related attitudes. [Electronic version].
Canadian Journal of Learning and Technology, vol. 29(3), 2003.

[TB06]

J. Tan and G. Biswas – The role of feedback in preparation for future learning: A case
study in learning by teaching environments. In Ikeda, M., Ashley, K., Chan, T. W. (eds.)
ITS 2006, LNCS 4053, pp. 370-381, 2006.

44

