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ABSTRACT: Representations facilitate acquisition of mathematical notions and provide
help to the learners in their thinking. A meaningful understanding of mathematical
concepts can be attained when a variety of representations are developed and the
functioning relationships are established among them. Traditional teaching
approaches dominated by the use of chalk and board appear to be not so productive to
help students establish connections between the representations. Nevertheless, the
availability of instructional technology has enabled teachers to highlight interrelations
between the representations of mathematical concepts so that their students could
develop a much better understanding of these notions. In this chapter, we try illustrate
opportunities that a recently developed computer program GeoGebra offers in
teaching and learning mathematics. The scope of this chapter is limited to the
discussion of three aspects of GeoGebra in teaching algebra. These include: supporting
operational and structural conceptions of the functions, illustrating factual knowledge
associated with the equation systems, and constructing graphical models for the
solution of algebra problems.
Key words: GeoGebra, algebra, structural conception of function, factual
knowledge, model construction, algebra problems.

1. Introduction
Representations are traditionally conceived as something that stands for something else
(Janvier, 1987). Such symbolisms play a crucial role in teaching and learning mathematics.
They allow communication of mathematical ideas to the learners in a coherent and
consistent way and provide a common language that the members of teaching-learning
community use to express their thoughts, to share their ideas with the others, and to
reflect collectively upon a mathematical notion being investigated. From learning point of
view, representations facilitate acquisition and retention of mathematical notions.
Advocates of constructivist philosophy argue that human mind does not hold abstract
notions; rather it possesses symbolism that contains distilled meaning of mathematical
concepts (Gray et al, 1999). Students possess mathematical ideas in their minds in some
sort of representational codes (e.g., notations, diagrams, and analogy); they recall and
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decipher these codes and reach out the information when solving problems in the domain.
Therefore, representations could lessen the cognitive load on human mind and increase its
capacity to attain and preserve a large amount of information in a relatively small space. In
addition to their role in storing mathematical ideas, representations provide aid to the
individuals in their thinking. For instance, the image of a circle is not necessarily just storing
some aspects of the circle, but it is also used as a cognitive tool to think about the essence
and the properties of this concept. Therefore, an image of a mathematical idea cannot be
separated from the concept itself; and it should be regarded as an essential part of thinking.
In the literature, representations are divided into two main categories: external
representations and internal representations (Janvier, 1987). External representations refer
to physical constructs (e.g., algebraic expressions, graphs, or diagrams written or sketched
on a paper) that the teachers use to illustrate mathematical ideas to their students. They
are spoken, written or some sort of visible entities. For instance, a curve on a paper would
be representation of a function for a person. Internal representations are mental constructs
that the individuals develop through their interactions with and reflections upon the
external representations (Goldin, 1998). They are the products of human mind; thus an
individual’s internal representations of a mathematical concept could differ from those of
others.
A meaningful learning of mathematics can be achieved when a variety of representations
are constructed and the functioning relationships are established among them (Goldin,
2001). This idea has been emphasised by many authors (see, for instance, Hiebert &
Lefevre, 1986; Hiebert & Carpenter, 1992; Keller & Hirsch, 1998) who suggest that
connections between the representations and between the ideas are important
characteristics of conceptual knowledge. It is therefore students’ ability to see
interrelations between representations and between ideas is seen as a crucial stage in
developing conceptual understanding of mathematics. The underlying philosophy is simply
that well-chosen representation could convey part of the meaning of a mathematical
concept, yet establishing connections among the representations could provide a more
coherent and unified message. With particular reference to the notion function Thomson
(1994) argues that one can develop a subjective sense of the function – the core concept of
function – as he sees invariance in the concept as it moves across the representations:
“The core concept of function is not represented by any of what are commonly
called the multiple representations of function, but instead our making
connections among representational activities produce a subjective sense of
invariance… It may be wrongheaded to focus on graphs, expressions, or tables as
representations of function. We should instead focus on them as representations
of something that, from students’ perspective, is representable, such as aspect of
a specific situation (p. 39)”.
The key idea stressed in this citation is that it is the integrated use of the representations
that could give more complete and coherent view of the function concept.
A range of representation systems are used in teaching and learning mathematics. Of them
graphs and algebraic expressions dominate the contemporary mathematics curricula and
the classroom practices all over the world. In accord with the instructional goals these
representations can be used to explain a mathematical concept, to illustrate interrelations
between the ideas, or to establish a mathematical model for the solution of a problem
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situation. Nevertheless, despite their importance in teaching and learning mathematics the
role of representations is underestimated in the standard curriculum (Kaput, 1987), and
algebraic expressions and Cartesian graphs are generally treated as isolated constructs.
Traditional approaches to teaching elementary and advanced calculus are mostly restricted
to mere manipulations with the algebraic expressions without any connection to their
graphical forms. Students who receive such traditional instructions are likely to develop illstructured knowledge in which properties of a mathematical concept are attributed to the
formal representations, graphs or expression, and not to the concept itself (Schwarz &
Dreyfus, 1995). Those who lack the ability to establish connections between algebraic and
graphical representations would have enormous difficulties in understanding mathematical
2
concepts. Consider, for instance, addition of a quadratic and a constant function: f(x)=x
and g(x)=4 (functions are defined on IR). One could manipulate this operation algebraically
2
and obtain a new function, h(x)=x +4. This does not necessarily show, however, that the
problem solver has understood the meaning of addition in the set of functions. The
conceptual understanding of this problem requires visualising the impacts of addition on
the graphical forms of the functions – for every substitute of x the outputs, f(x) and g(x), are
added up. Since g(x) is a constant function it gives out 4 for every value of x; and it is for this
reason the graph of h(x)=x2+4 is attained by translating the graph of f(x) 4 unit parallel to
the y-axis.
So what can we do, as mathematics teachers and educators, to promote our students’
flexibility at shifting between algebraic and graphical representations so that they could
develop a much better understanding of the mathematical concepts? Traditional
instructional approaches dominated by the use of chalk and board appear to be not
productive to enhance students’ ability to move freely between these depictions. Yet,
advances in the instructional technology have provided new opportunities. Several
computer programs have been introduced to support students’ learning. Of them,
Computer Algebra Systems (CAS, like Maple) and Dynamic Geometry Software (DGS, such
as Cabri) are two prominent software with particular properties. CAS focuses mostly upon
the symbolic manipulations of algebraic expressions while DGS facilitates an investigation of
the relationships between the geometrical units. These programs have been updated over
the years in order to be useful for teaching and learning a range of mathematical concepts –
CAS has been modelled to include geometric visualisation and DGS has been upgraded to
include algebraic features. In recent years, Hohenwarter (2002) has developed new
software, called as GeoGebra, which integrates essentially the features of CAS and DGS and
facilitates an integration of symbolic and geometric depictions of mathematical notions.

2. GeoGebra as an Instructional Tool
GeoGebra is a versatile computer program which offers an interactive teachinglearning environment. It provides an opportunity to observe two different presentations of
the same mathematical notion in its algebra and graphic windows. The manipulation
carried out in one of these windows is immediately updated in the other; and the impacts
of actions taken upon one of the representations can be observed on the corresponding
depiction. This feature of GeoGebra allows students to understand the conceptual links
between the representations of a mathematical concept and eventually promotes their
vertical (depth of understanding) and horizontal (development of knowledge across the
representations) growth of this concept. GeoGebra could be used for various purposes
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depending upon the instructional goals. It can be utilised to illustrate the essence and the
properties of a mathematical notion, such as the meaning of limit and derivative. One may
also use this program to illuminate the interrelations between different mathematical
concepts, to enhance students’ visual ability, to create mathematical models to resolve
algebra problems, and to prepare instructional materials. The following sub-sections
present some examples concerning the application of GeoGebra in teaching and learning
mathematics and discuss the possible impacts of these on students’ learning.

3. GeoGebra to Promote Operational and Structural Conceptions of
the Functions
The concept of function has often been used as an organising principle in the
teaching of mathematics (Yerushalmy & Schwarz, 1993). Previous studies acknowledge two
sorts of conceptions related to the idea of function: an operational (action-process)
conception of function and a structural (object) conception of function (Sfard, 1992;
Dubinsky & Harel, 1992; Breidenbach et al, 1992). An operational conception entails an
understanding of a function as a process transforming inputs to outputs (ibid). A process is
a sequence of actions; therefore it is dynamic in nature. Nevertheless, while dealing with
the transformation of a function students might reveal two qualitatively different
conceptions. Some may need an explicit algebraic formula so that they insert element(s)
into the function and calculate its image conducting physical or mental manipulations in a
step-by-step manner. This quality of understanding is considered as an action conception by
Dubinsky and his colleagues (see, for instance, Dubinsky & Harel, 1992; Breidenbach et al,
1992). A process conception, which is considered to be at a higher level of sophistication in
the continuum of an operational conception, is attained through interiorising actions
associated with the previous step. The possessors of a process cooption do not need any
more to conduct mental or physical manipulations; they have mental capability to think of a
function process in terms of inputs ad outputs. Once attained a process can be reversed or
combined with other processes (Cottrill et al, 1999); for instance, this quality of
understanding enables one to combine two constant functions or to interpret a graph of a
function point-by-point. Constant reflections upon a process would lead to its encapsulation
(Dubinsky & Harel, 1992) or reification (Sfard, 1992) as an object. A structural (object)
conception of function requires interpreting a function as a unified entity in which the
process and the properties of the function have been combined. It enables one to use a
function as a single object in processes of derivatives or integrals, or to deal with a graph of
a function in a global way.
So, what does GeoGebra offer to support students’ development of the function
concept? An action conception requires being able to make manipulations with the
algebraic expressions – inserting elements into an expression and calculating their images in
step-by-step manner, and students could attain this sort of mental or manipulative skills in
the traditional teaching-learning environments. Traditional approaches may also promote,
to some extent, the development of a process conception. Yet, GeoGebra has still some
thing to offer to strengthen students’ process cooption of function. In our view one crucial
aspect of a process conception entails the ability to move freely between algebraic and
graphical representations of a function. At the process conception level students could link
the representations through point-by-point mappings – they concentrate upon the critical
features of a graph (e.g., maxima, minima, intersection points) and, then, try to relate them
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to the corresponding elements in the algebraic expression, or they do the reverse. Using
the GeoGebra the teaching-learning community could conduct several activities in this kind.
For instance, the graph of function f(x)=2x-8 can easily be generated using GeoGebra (see
Figure 1). Then, the students can be asked to find out what sort of changes they observe on
the graphs of function as they replace coefficient and constant terms with different
numbers in the algebraic expression. Inversely, using the slider students can drag up and
down the graph and, then, look for the corresponding changes in the algebraic form.
The actual benefits of GeoGebra can be seen in promoting students’ structural
conception of the functions. As illustrated before, a structural conception entails the ability
to manipulate a function as if it was a single entity. A graphical depiction of function incites
very much a structural interpretation, because in such a figure the process and the
properties of the function concept are unified (Sfard, 1992). In this respect, a meaningful
understanding of the translation of functions along the coordinate axis requires a structural
conception. GeoGebra allows manipulating this sort of activities and investigating the
relations between the changes on the graphical and algebraic depictions. For instance, the
teaching-learning community would sketch the graph of f(x)=sinx (see Figure 2). Then, they
would draw the graphs of g(x)=(sinx)+2 and h(x)=(sinx)-2 on the same coordinate system.

Figure 1: Connecting algebraic and graphical representations of a linear function.

97

Figure 2: Translation of the graph of f(x)=sinx parallel to the y-axis

The teaching-learning community would find out through collective reflection that the
graphs of g(x)=(sinx)+2 and h(x)=(sinx)-2 are obtained by translating the graph of f(x) 2 unit
along the y-axis respectively in the positive and negative directions. The teachers would
continue to probe their students to discover the underlying meaning of why the graph of
f(x) is translated along the y-axes, but not parallel to the x-axis.
Another activity to enhance students’ structural conception of function might
involve exploring the changes in the general behaviour of a graph of function in accord with
the changes in its algebraic form. The teaching-learning community could sketch the graph
of f(x)=x2 and, then, they would play (increase/decrease) with the coefficient of x2 (see
Figure 3).

Figure 3: GeoGebra screen showing an investigation of the changes in the general
behaviour of a parabola.
2

It is seen in the above figure that actions taken upon the coefficient of x cause changes on
the graph of function. GeoGebra allows students to observe this change in a more global

98

2

2

way and find out the idea that ‘as the coefficient of x increases, the graph of f(x)=x gets
closer to the y-axis; and as the coefficient of x2 decreases, the graph gets flattened’.

4. GeoGebra to Illustrate Factual Knowledge: Linear and Quadratic
Equations
In the traditional classes students are presented lots of factual knowledge
(mathematical truths) but they are not illustrated nor are they encouraged to find out the
underlying meaning of these information. In one sense, students are treated like an empty
vessel and expected to store in their mind whatever presented to them. Algebraic
equations is one of the sub-domains in the discipline of mathematics, the teaching of which
is dominated by the dispense of rules, procedures and the factual knowledge in a discrete
manner. Connections between the ideas and between the representations are usually
ignored. A conceptual understanding of the idea of equation requires recognising the
relation of this concept with the other mathematical notions, such as the concept of
function. In addition, to gain proficiency in solving algebraic equations students need a
visual ability, and they could attain this capability by practicing problems that enforce
integrating algebraic and graphical representations.
Two examples are presented here to illustrate how GeoGebra can be used to
investigate the underlying meaning factual knowledge associated with the quadratic and
linear equations. In a traditional classroom students are explained the procedure of solving
a quadratic equation (ax2+bx+c=0). The procedure suggests that students should work out
the discriminant (D=b2-4ac) first; then they would calculate roots of the equation by means
of a formula x1, 2 

b D
. Students are introduced mathematical truths and expected
4a

to memorise them:
i.

When D=b2-4ac>0, the equation has two real roots.

ii.

When D=b2-4ac<0, the equation has no real roots.

iii.

When D=b2-4ac=0, the equation has one repeated roots.

To investigate the underlying meaning of this factual knowledge the teaching- learning
community could start to work on a problem, for instance:
How many solution does the equation x2-x-6=0 have; and why?
2

As they sketch the graph of corresponding function (x -x-6) they will see that the graph is
crossing the x-axis at two points (see Figure 4); in this circumstance discriminant is bigger
than 0 and the equation has two real solutions.
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Figure 4: The graph of the corresponding function of an equation x2-x-6=0.

GeoGebra allows repositioning the graph of x2-x-6=0 by moving it up and down. In this way,
students are able to investigate all the alternatives and discover the relations between the
position of the graph in the coordinate system and the changes in the corresponding
expressions. They could calculate the values of discriminant conclude that:
i)

When the graph intersects the x-axis at one point, D=0 and the equation has
one repeated solutions (the graph on the left side, see Figure 5).

ii)

When the graph does not intersect the x-axis, D<0 and the equation has no
real solutions (the graph on the right side, see Figure 5).

Figure 5: An investigation of the solution of a quadratic equation through the
corresponding graphical depictions.

One may also use GeoGebra to illustrate factual knowledge associated with the
resolution of a linear equation system, such as:
a1x+b1y=c1 (1)
a2x+b2y=c2 (2)
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The teaching-learning community could produce the graph of each equation by moving the
sliders to determine a1, b1, c1, a2, b2 and c2 (see for instance Figure 6).

Figure 6: Generating the graphical form of a linear equation system in GeoGebra.

Then, they could modify the graphs by using the sliders and investigate all the alternatives:
i)

If the graphs intersect each other at one point the equation has only one
solution (the graph on the left side, see Figure 7), and in this
case

ii)

a1 c1 b1
  .
a2 c2 b2

If the graphs do not intersect each other the equation has no solution
(graph in the middle, Figure 7), and in this circumstance

iii)

a1 b1 c1
  .
a2 b2 c2

If the graphs are homogenous the equation system has infinitely many
solutions
condition

(graph

on

the

a1 b1 c1
  .
a2 b2 c2
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side,

Figure

7),

and

this

Figure 7: Graphical depictions to investigate the solution of a linear equation system.

5. Construction of Graphical Models to Resolve Algebra Problems
Traditional approaches, which entail algebraic/arithmetic manipulations and
implementing ready-made rules and formulas, may not be sufficient to resolve all kind of
algebra problems. In some cases it would be necessary to shift from algebra to graph so
that problem solvers could get a better understanding of the problem situation and
generate more accurate solutions for the task at hand. Using the GeoGebra the teachinglearning community could easily generate graphical models for the solution of algebra
problems. Consider, for example, the following problem:
Problem: How many solutions does the equation 2x =x2 have?
This equation has three solutions; two of them can be obtained by implementing guess and
check strategy. Problem solvers could find by trial and error that two of the solutions are 2
and 4. However, neither this strategy nor the algebraic methods enable students to see that
the equation has one more root. In order to understand fully that the equation has three
solutions they need to shift from algebra to graph and create graphical model of the
situation like the one below:
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x

2

Figure 9: GeoGebra screen displaying a graphical model for the solution of 2 =x .

It is seen in this model that that the graphs of an exponential 2x and a polynomial function
x2 intersect at three points. Since an exponential grows faster than any polynomial the
graphs of 2x and x2 do not intersect each other as the variable x gets values bigger than 4.
This means that the equation 2x =x2 has three real solutions.
We present one more example to illustrate the opportunities that the GeoGebra offers to
implement graphical approach for the solution of algebra word problems:
Problem: Two parking lots are located one next to the other. In one lot one pays 2.5
NIS for an hour and a proportional price for fractions of the hour. The second
lot charges 2 NIS an hour and an additional 4 NIS charge for entrance. Describe
the two parking conditions in a way that would allow the customer to choose
the best offer (adopted from Yerushalmy, 2000).
Those who are inclined to think algebraically would make attempts to resolve the problem
through algebraic methods. Students might think that when they construct an equation of
the situation (2.5x=4+2x) and resolve it, they obtain the solution. By manipulating the
equation 2.5x=4+2x students determine, however, a specific time when the two parking
lots provide equally better offer. This strategy does not permit an understanding of which
parking lots offer better price for the previous and latter time span. In fact, this problem
cannot be resolved by algebraic methods. Problem solvers need to establish graphical
model(s) of the situation so that they could understand the growth of parking charges in
accord with the time and, accordingly, make a better choice. The graphical model of the
problem can be generated in GeoGebra as follows (see Figure 8).
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Figure 8: A graphical model generated in GeoGebra for the solution of an algebraic
word problem.

The first graph (in blue) presents the offer provided by the first lot, and the second graph (in
red) presents the offer provided by the second lot. It is seen that until 8th hour the first offer
is more economic, yet from then on the second lot provides better offer.

Concluding Remarks
Algebraic expressions and Cartesian graphs are two major representations that are
commonly used in teaching and learning mathematics. Each has strengths and limitations to
facilitate a meaningful learning. Algebraic expressions are essential to enhance students’
manipulative skills. Yet, in such representations mathematical ideas are implicitly involved
and most students would have enormous difficulties to tease out the meaning embedded in
these depictions. Cartesian graphs would give a more elaborate and complete view of
mathematical concepts; nevertheless, students need a sort of visual ability and geometric
skills (e.g., reading a graph, predicting the development of a graph) to interpret the
meanings embedded in the graphical representations. Atiyah (2001) states that “when you
pass over into algebraic calculations, essentially you stop thinking; you stop thinking
geometrically, you stop thinking about the meaning”. This statement underlines the
superiority of geometric representations over the expressions to illuminate mathematical
ideas. It would have pedagogical and psychological base; nevertheless, we believe that
neither of these representations can be given priority over the other in teaching and
learning mathematics. In fact, it is the integrated use of these symbolisms that would give a
more complete message of mathematical concepts. GeoGebra appears to be a powerful
instructional tool that allows connecting representations and ideas to each other. In this
paper, we tried to illustrate some opportunities that the GeoGebra offers to investigate
mathematical concepts. It was indicated that when used properly GeoGebra supports the
development of students’ operational (process) and structural (object) conceptions of the
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functions. It allows an integrated use of expressions and graphs and, thus, gives students an
opportunity to understand the underlying meaning of rules, procedures and the factual
knowledge associated with the notions of equations and functions. It is indicated also that
GeoGebra promotes students’ problem solving skills. It does help students construct
mathematical model of a problem through which students could conduct a better analysis
of the situation and develop an operational plan to resolve the task at hand. Finally, it is
indicated throughout the paper that GeoGebra enhances students’ visual ability and enable
them to conduct visual strategies to resolve algebra problems.
In closing, it is worth noting that most of the ideas presented in this paper are
theoretically based. These ideas can be validated through an experimental study; and this is
the issue for further research.
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